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Quantum mechanical calculations of the transport cross
sections Qw*and Q“)*and the associated ﬂ(m't) ¥integrals
are presented for a Lennard-Jones (12,6) potential. The
computations are made for three values of the quantum parameter
j\% (=1,2,3), and include the effects of statistics. The
quantum effects become quite important at reduced temperatures
T* below about unity. The quantum corrections to the

integrals are negative at moderate temperatures, but become

7/

positive at higher temperatures.
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The theory of transport phenomena in a low density gas of
. . 1
structureless spherical molecules is well developed . The transport
coefficients are given in terms of the temperature dependent reduced
. (m,t) % . , .
cross'sectlons,.f)_ , which in turn are integrals of the energy

lex

dependent reduced cross sections, . If quantum mechanics
. is used to describe the binary collisions between the molecules, these

cross sections may be expressed in terms of the phase shifts, ‘7[ .

1. Cross Sections

In the present paper, we consider the quantum mechanical
description of transport phenomena in a gas made up of molecules

which interact according to a Lennard-Jones(l2,6)potential

?(ﬂ} = € ?0*(/‘1/() 1-1

where

50*(&*):'-1/[(” *)-Ii (/z*)‘é_] 1-9

As usual, the constant € is the depth of the potential minimum,
the constant ¢~ is the separation distance at which the potential
k3 * 3 .
is zero, and 72 =/t/dis the reduced separation.

The phase shifts, '71 , for collisions between molecules
which interact according to the Lennard-Jones potential are

obtained through the solution of the radial wave equation
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in which Rll/l) is the radial wave function, £ =E/eis the reduced

D
3
D
<
Q
<

e}

rh

[

f

c

3

0

@]

=

-

o

n

o

uu, and

/L/(U'VE;_IL—E) 1-4

is the "quantum parameter' which governs the magnitude of the
quantum effects. The value of the phase shift is obtained ‘from the
asymtotic form of the solution of the wave equation which is finite
at the origin and is a function of the angular momentum quantum
number, 'f , the reduced energy, E * , and quantum parameter, A*
The two moments of the cross section which arise in the
description of transport phenomena are Q(U and Q“) . The

corresponding reduced cross sections for collisions between unlike

molecules (based on Boltzmann statistics) are

() x2 .
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The expression for the cross section for collisions between

)
like molecules depends on the statistics. The cross section @

for collisions between like molecules does not appear in the




expressions for the transport coefficients. Neglecting spin effects,’
. (2K . L
the reduced cross section 47 for collisions between Bose-Einstein

particles is

(1)¥ (14./)(»(4’2) S(/"g( }
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and for collisions between Fermi-Dirac particles is
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For collisions between like atoms with nuclei of spin s the

reduced cross sections are

x ¥ [ J*
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The reduced cross sections, are functions of the
. *
*
reduced energy, E , the quantum parameter, N , and the
statistics of the colliding pair.
X

ﬂ(m t)
The reduced temperature dependent cross sections, , are

simply integrals over the energy of the appropriate cross sections,

Q (”.)*. Thus
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where

7‘*:57/6 1-12

is the reduced temperature. These cross sections are functions of

& *
the reduced temperature, 7 , the quantum parameter, N , and the

The expressions for the transport coefficients of single
component systems and mixtures depend simply on the reduced cross
, (m,t)K , _ 1
sections, _(l . These expressions are given elsewhere and

are not repeated here.

2. Numerical Procedures

The phase shifts ?Q were computed by direct numerical
integration (RKG method) of the radial wave equation using a
program previously developed2 , but now improved by the introduction
of a modification which continuously adjusted the integration
interval depending upon the curvature of the wave function.

For convenience, the equivalences among the notation of
references 1, 2, and the present discussion are summarized as

follows:
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The method of determination of the appropriate interval size
is as follows. First, an initial interval size was chosen as the
smaller of two quantities: A?e,:ﬂ/ioa', where A ,2'ﬂ'/£ is the
de Broglie wavelength at /2 =0 | and A%, = /40 A, where N is
the number of nodes in the wave function due to the bound states3
(N'—‘! z 6.27 B’{) . During the course of the integratiom,
the interval size was varied so as to give approximately 40
integration intervals between two successive nodes.

The radial integration was stopped when the values of the
"apparent phase shifts" calculatea at four successive nodes differed
from each other by less than 10~4 radian. The phases thus obtained
were then used to calculate the transport cross sections, using

eqs. 1-5, 1-7 and 1-8.
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In the calculation of the transport cross sections, only Q / s

Q&)* ()X , .

BE ° and 7.p. were calculated directly. The cross section
12) % ) - .

9 Bolia was obtained from the simple relation

(2) X « ) ¥ )
Q Bolty _'_-;" (?u;.s. + @ F.D . 2-9

The calculations of the cross sections were carried out in the

%

*
following way: For a given /A" and E , beginning with 4= o,

which éubsequently was increased successively by unity, the program
calculated the corresponding '7( . After '7, had been calculaéed,
GRS

the program calculated the first term of the 4) series; at £-2
() * (2) %

the second term of Q /7 and first term of @ g6 > at £=3 s
1)K ]

the third term of Q” and first term of Q[ ';__; ; and so on. Hence,

for each 1 , except for d- 0, the corresponding term was added

'
to the Q( '}xseries, and depending on whether y4 was even or odd,

(2) X FENE S . .
52.°T Q £ p Series, respectively, were added.

. . ) ¥,
The phases and corresponding partial sums of the 47 S were

terms of the Q

printed out.

The calculation of the ‘7£ and Ql‘.‘)‘was stopped when three
consecutive partial sums of the Qh‘)*series agreed to within .001,
and the final 4 was well beyond ‘[/f_ , the rainbow angular
momentum4 , i.e. ' '7 <'7/1

To calculate the reduced collision integrals ﬂ("',‘t)f the

integral in eq. 1-11 was rewritten as

m, X +27~) r ’i.’x »*
D" e (rot ]/Q‘t%)&%[(fﬂ)f-@"/“f’)/T J42 50
~




where %=lu EX The integral was then evaluated by Weddle's ru1e5.

¥ (n) X
In calculating the integrand, for £ £ .0 a11 Q ") values were
X (n)
computed directly, while for £ >/ , some of the Q * were

»
) on 2

interpolated in regions wher® the dependence of Q@
was sufficiently smooth.
* . m )&
The range of values of £" for which the Ql J were evaluated
‘* ; (“)i)*
limited the range of values of T  for which the KOk could
be evaluated. 1In order to estimate the maximum error due to the
Q(m,t)X
truncation of the range of numerical integration for the
integrals, a simulated integration was carried out in which all of
(m)K : . .
the @ within the range of integration were set equal to unity.
. . . m)£_ . .
Since the complete integral(with Q =/)is identically unity, the
deviation of the above numerical resylt from unity served as an
indication of the error due to the truncation. This procedure was
&
carried out for various values of T so that limits could be
E
established on the valid range of T .
The entire numerical procedure was carried out on the

CDC 1604 computer at the University of Wisconsin Numerical Analysis

Laboratory.

3. Results and Discussion

) X

Figs. 1 and 2 show the dependence of Q (Boltzmann) and
me (Boltzmann) on EY for ./\* = 0,1,2 and 3. The classical
values (/\*= 0) are those of Hirschfelder, Bird and Spotz6.

Fig. 3 shows the influence of the statistics upon le)*for

/\* = 1. The QM‘Fk have generally the expected negative energy

dependence but superimposed on the smooth background is a pattern



of maxima which become more distinct under conditions such that a
smaller number of terms contribute significantly to the sum. The
origin of these resonances is the abrupt rise7 of the order of
in the phase shift for a particular value of 4 which takes place
over a more or less narrow range of_energy. The sharpness of these
peaks is related to 472/0([, or, more directly, to the collision

8 [
lifetime ’[2::# J%/df . The value of j primarily responsible
for each of the resonant peaks is indicated on the figures for the

¥
case of JNx = | . Similar maxima in the total cross section are
1
expected9 and found experimentally from beam scattering studies 0
, Qu,l)*
Figs. 4 and 5 show the dependence of (Boltzmann) and

Q(’:z)‘k * A*

(Boltzmann) on T  for = 0,1,2 and 3. The classical

* (me) % %
values (/N =0) are those of Monchick and Masonll. The ﬂ (T )
curves are largely monotonic due to the averaging-out of the
(mf!_*
resonant peaks in 9 £7%); however, some structure remains at
%
sufficiently low temperatures for large INs.
(,1)X 2, 2)¥
The high temperature behavior of ﬂ ) and ﬂ is

illustrated in more detail in Figs. 6 and 7, where the percentage
deviation from the classical values (the '"quantum correction') is

'T-*--57Z 12
. It has been shown by de Boer and Bird

plotted vs.
. *
that in the almost classical limit ( A —o ), this quantity,
calculated for an inverse twelfth power repulsive potential,
*2 % -
is positive and proportional to JA\ 2 T 5/6 . It is to be
expected that for the present case, i.e., the L.-J. (12,6)

potential, the deviation function should approach this behavior

in the limit of high temperature, but become negative at lower




temperature due to the influence of the attractive part of the
potential.

In Figs. 6 and 7 the solid curves represent the results of the
present calculation. The solid straight lines emanating from the
origin show the expected limiting behavior for the flJL%epulsive
potential. The dashed lines indicate possible interpolatiomns
between the calculated and the limiting values. It is interesting
to note from Fig. 7 that the crossing-over and changing of sign of
the quantum correction is definitely established, at least for
VANEES

1—)fnnt)4L
the numerical values of the various integrals are

%*
presented in Tables 1 - 6. The classical values (-/\ = 0), of
(i,2) X c/,3)K (2,3) - (2.4) % '
ﬂ 5 _(2. s Q and Q are taken from

u, 1)K (2.2) ¥
Ref. 1, while those for ..()- and —()— are the more

recent values from Ref. 11. The present results (i.e., for
Jf‘?= 1,2,3) are believed to be accurate to within + 5 in the last
digit.

It is of interest to note the rather sizeable magnitude of the
quantum effects (see Figs. 4 and 5) even for T.*- as high as
unity. It thus appears that there are a number of physically
interesting systems13 for which quantum effects on the transport
properties cannot be considered merely ''corrections" to the

classical behavior.
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Figure Captions

Fig. 1. The influence
reduced cross section,
Fig. 2. The influence
reduced cross section,
Fig. 3. The effect of
Fig. 4. The influence

_,ﬂ‘l, ) «

Fig. 5. The influence
(2,2) X
integral jﬁl ) .

*
of the quantum parameter, jﬁ\ , on the
¢(/} x
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of the quantum parameter, /\ , on the
@(2)*

L]
statistics on the reduced cross section,

Qta)“«
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of the quantum parameter, A , on the integral

. *
of the quantum parameter, N , on the

Q(/, 1) %
Fig. 6. The quantum correction to in the high temperature
region.
Q(2:2)¥
Fig. 7. The quantum correction to in the high temperature

region.
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.4398

. 3204

.2336

.1679

.1166

.0753

.95003

.88453

.84277

.81287

. 78976

L77111

TABLE 1

VALUES OF Q(" ¥

2.8560
2.4030
2.0888
1.8647
1.6993
1.5736
1.4753
1.3967
1.2796
1.1967
1.1351
1.0875
1.0496
0.9349
0.8746
0.8356
0.8073
0.7854

0.7675

.1970
.8158
.5954
.4529
.3534
. 2800
.2235
.1786
. 1115
.0632
.0265
.9974
.9735
.8962
.8511
.8198
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.7768

.7608

.1833
1346
.0989
.0711
. 0484
.0294
.0131
.9988
L9747
.9548
.9380
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.7678

.7535
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(cont'd)
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.256
.931
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.423
. 332
. 261
. 204
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.059
.013
.9780
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.8640
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. 7420
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TABLE II
(12) X
vaLves of {2

2.3136
1.9045
1.6511
1.4832
1.3655 .
1.2791
1.2132
1.1614
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.7320

.7181
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TABLE II

0.7109
0.6994
0.6892
0.6800
0.6717
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0.6572

(cont'd)

. 7089
.6977
.6878
.6789
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.6633
.6564
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1.4

1.6

1.8
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3.0

4.0

5.0

6.

7.

8.

0

0

0

1.962
1.663
1.468
1.336
1.242
1.172
1.119
1.076
1.013
0.9680
0.9345
0.9082
0.8867
0.8187
0.7790
0.7510
0.7295
0.7120

0.6973

TABLE III
- (i,2)
VALUES OF Q ) ¥

1.9194
1.5893
1.3977
1.2752
1.1909
1.1295
1.0828
1.0459
0.9912
0.9520
0.9222
0.8985
0.8790
0.8145
0.7759
0.7485
0.7273
0.7101

0.6957

<4363
. 2699
.1731
.1092
.0634
.0285
. 0007
.9779
09422
.9150
.8933
.8752
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. 7452
.7250
.7084

.6944

.0843
.0419
.0110
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. 9499
.9353
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. 9004
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. 7407
L7217
. 7059

.6924
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16.0
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- 20.0

0.6847

0.6735

0.6048

TABLE III

0.6833
0.6724
0.6627
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(cont'd)
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.6715
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.6198
.6144
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